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Abstract

This is Part II of a two-part paper which analyses the re-polarization of elastic waves at a frictional contact
interface between two solids. The re-polarization of SH waves was solved in Part I by the use of the Fourier
analysis. Here, in Part II, we consider the re-polarization of P or SV waves. It is assumed that the two solids
are pressed together and, at the same time, loaded by anti-plane and in-plane shearing traction. If the
incident wave is sufficiently strong, localized separation and slip may take place at the interface. As a result,
the incident in-plane wave is re-polarized at the interface so that the anti-plane waves (SH waves) are
induced. Using the method similar to that of Part I and considering the boundary conditions involving
separation and slip, we manage to reduce the problem to a set of algebraic equations coupled with simple
integral equations. An iterative method is developed based on the solution to the perfectly bonded interface.
The locations and sizes of the separation and slip zones, the interface traction, the slip velocities, the global
sliding velocities and the energy dissipation and partition are displayed for the case of two identical materials.
It is found that the separation zones and the gaps are independent of the induced waves. © 1999 Elsevier
Science Ltd. All rights reserved.

1. Introduction

The reflection and refraction of elastic waves at an interface between two solids is a fundamental
topic in many fields such as seismology, geophysics, earthquake engineering, non-destructive
evaluation, etc. This problem is customarily treated on the basis that the interface is perfectly
bonded. Such an interface can transmit both tensile and compressive traction without discontinuity
in displacements. The associated problem is a linear one and has been studied extensively. An
opposite case is the contact interface which cannot transmit tensile traction. If the waves are strong
enough, the local slip and separation may take place at the interface. Examples of such situations
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may include the propagation of seismic waves through a pre-existing fault surface and the wave
propagation in mechanical systems with bolted or press-fit connections. In Part I of this two-part
paper (Wang et al., 1998), we gave a brief review of the previously published papers concerning
the interaction of elastic waves with a contact interface. Among them, the works by Comninou
and Dundurs (see the references listed in Part I) are most noticeable. It is noted that they treated
the in-plane and anti-plane wave motion separately. However we argue that SH and P/SV waves
may be coupled with each other at a frictional contact interface in some cases. A new and interesting
phenomenon—the re-polarization of SH waves at a frictional contact interface was examined in
Part I by the present authors. The induced in-plane waves and their coupling to SH waves were
discussed. The results show that, although the induced waves carry a small amount of energy, its
effects on local slip and interface traction cannot be neglected. Here in Part II, a similar approach
will be used to deal with the re-polarization of P or SV waves. It is noted that an incident in-plane
wave, if strong enough, may cause the localized separation of the interface, while an incident anti-
plane wave can not. Therefore the present problem is more complex than that considered in Part
I. The solution of the problem should be of interest to scientists working with laboratory and field
seismic data or to those working with non-destructive evaluation.

2. Problem formulation

The problem considered in this paper is shown in Fig. 1. Two elastic half-spaces are forced
together by the applied pressure p, and, at the same time, loaded by the in-plane shearing traction
q, as well as the anti-plane shearing traction t,. The Couloumb frictional model is adopted along
the interface with static and kinetic friction coefficients as f; and f,. An incident harmonic P or SV
wave (n = 0) strikes the interface under the angle 6,, and is reflected and refracted at the interface.
If the incident wave is strong enough, the interface will separate and slip locally. Consequently,
the applied anti-plane shearing traction t, may lead to the anti-plane slip of the interface, and thus
induces the SH waves in two component materials. The notation we follow is the same as that in
Part I. The indices n = 1, 2, 3, 4, which may appear in suffix or affix positions are to distinguish
between the reflected and refracted P and SV waves, and n = 2, 4’ to distinguish between the
induced SH waves in the lower and upper half space. The displacements associated with the
different waves are taken as the real part of the typical form

u” = Cd"”exp(iy,), n=0,1,2,2,3,4,4, (1)
with
Yn = kn[x : p(n)_ cnt]a (2)

where k, is the corresponding wave number; d) and p™ are, respectively, the unit vectors defining
the directions of motion and propagation. For P-wave incidence, ¢, = ¢; and

d® = p» = (sin0,, cos 0,,0), (3)
while for SV-wave incidence, ¢, = ¢t and

d® = (—cos0,,sin0,,0), p» = (sin0b,,cos0,,0). 4)
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Fig. 1. Interaction of a P or SV wave with a frictional contact interface.

Other d™ and p™ (n # 0) may be found in the Appendix of Part I. The amplitude C, is generally
complex.

Snell’s law which still holds for the unilateral interface (Comninou and Dundurs, 1979; Wang
et al., 1998) leads to

No =M =Ny =1N3= ’74é’7psva Ny = ’74’é’7$H ®)

where 1, = y,|,, - o. Since the SH waves are induced by the in-plane waves, it is reasonable to assert
(Wang et al., 1998)

PSV SH A (6)

noo=n=n.
Then it follows from eqns (5) and (6) that 0, = 0,, 8, = 0,, and

sinfl, sinf), sinf, sinf; sin6,

= - ~ = ~ ’ (7)

Co ‘L Cr ‘L Cr

koco = kicp = kyer = k3¢ = kyor = o. (®)

The present analysis will be limited to the case of sub-critical angle incidence, that is, 0, should
satisfy
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0y < 0, = min {sin~"' (co/cy), sin™ " (¢o/EL)}. )

Because of the periodicity of the problem in 5, only one representative interval, say —n < 1 < 7,
need to be considered. Denote the normal traction at the interface by N(#), the in-plane and anti-
plane shearing traction by S,(1) and Si(#), the gap by g(n) and the relative slip velocities in x,- and
x;-direction by V(1) and V(). Then the boundary conditions may be written as

N(n) = S8:(n) = S3(n) =0 (10)

g(m) >0 (11)
in the separation zones,

N(n) <0, Si()+Si(n) = AN (12)

Vi Vs(m) :

g(n) =0, S = San)’ sign (V) = sign(S)) (13)
in the slip zones, and

N() <0, /Si(n)+S30m) <IN (14)

gn) =0,Vi(n) = Vi(n) =0 (15)

in the stick zones. It is convenient in the subsequent analysis to replace the condition g() = 0 in
eqns (13) and (15) with the weaker condition

Va(n) = g(n) = 0 (16)

and to make special consideration ensuring that the gap indeed vanishes in the slip and stick zones.
V,(n) is nothing but the opening velocity in the separation zones.

As in Part I, we construct the solution by adding the corrective solution {i, G,} to the results
for the welded interface problem {u,, g,}. Then the interface traction, the opening velocity and the
relative slip velocities can be expressed as

N(p) = —po+[0%3+ 053+ 03+ 65+, _0 = —po+[053+053+65+59)., o (17)
Si() = qo+[013+ 03+ 03+ 610 +63., 0 = qo+ 03+ 0+ 3+ 61Y],, 0 (18)
S5() = 1o +[65]s,—0 = 1o+ 65511, -0 (19)
Va(n) =[5+ i) — i) — ], _o (20)
Vi) = [@" + it — i) — i, —o (1)
Vi) = [ — i), . (22)

The bilateral solution for the case of welded interface can be found in any book dealing with
elastic waves, for instance, the book by Achenbach (1973), or in the paper by Comninou and
Dundurs (1979). The normal and shearing traction transmitted by a perfectly bonded interface
can be obtained by a straight forward calculation as
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[022]v2 0= [0'(0) o+ m]x, 0= [0'(3)+0(4)]\2:0 = _Re{iAo eXp (in)}, (23)

[0'21]x2 o =[oN+a%)+ (2)]v7 o = [0+ (241)]\2 0= _Re{iBo eXp (in)} (24)

where A, and B, are quite complicated and not readily open to interpretation. Comninou and
Dundurs presented the expressions for P-wave incidence. They especially gave the results for the
identical materials (see Comninou and Dundurs, 1979, eqns (3.11)—(3.14)).

3. Corrective solution

For the harmonic incident P or SV wave, the corrective solution may be expressed as the
following Fourier series containing all higher frequencies:

u” = {U,1,0, Ust} + Re [d(”) Y FJexp (imyn)} n=1,22)3,44), (25)
m=1
where U, and U, represent, respectively, the global sliding velocities in x,;- and x;-direction due to
the in-plane and anti-plane shearing traction. F” is a coefficient to be determined and may be
written as F” = DY +iE!" with D’ and E?” being real.
The requirement that the normal and shearing traction be continuous across the interface allows
us to write (see Part I for details, Wang et al., 1988)

Nn) = —po+Aysiny+u i m(M.,, sin mn+ L, cos mn) (26)
m=1
Si(n) = qo+ Bysinn+pu mzl m(1,, sin mn+J,,cos mn) 27
Si(n) = 1o+ pk, cos 0, i m(DS;” sin mn + ES; cos mn) (28)
m=1
V,(n) = c. i m[(A,1,,— A, M,,) sin mn + (4,J,,— A, L,,) cos mn] (29)
m=1
Vi) = U,—c, mzl m[(As1,,+ A, M,,) sin mn + (A3J,,+ 4, L,,) cos mn] (30)
Vi(n) = Us—kyerb i m(D sin mn+ E2” cos mn), (31
m=1
where
b=1+ VFT;OSSZ;

{ m» Jm} = kl Sin 20 {Dgrl)a E‘(n'll)}+k2 Ccos 202{D1(3)9 E‘(nf)}
{M,, L,} = —k,xkcos20,{D.), E\V} +k,sin20,{ DY, ED},
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and I, yr, k, 4, (j = 1,2, 3) are given in Comninou and Dundurs (1979). It follows from eqns (29)—
(31) that

1 T
{U,0,Us} = MJ (&), Va(9), V3(O)} d¢ (32)
{20+ M, 3, + A L} = n: 1n Jﬂ V(&) {sinmé, cosmé} dé& (33)
(ML, —2.M,, 21 J,,— AL} = e Jn Vy(&){sinmé, cos mé} d& (34)
2 N 1 " :
(D, ED} = g Jn V(&) {sinmé, cosmé} d&. (39)
Then the interface traction N(y), S;(y) and S;(n) may be expressed as
Mo s o A3 ~
N(n) = —po+4, Sinf7+Ao{2ﬁ_ (Ui =Vi(m]— . Vz(”l)} (36)
Si(m) = g0+ B, Sin’?‘i‘Bo{[Ul—Vl(W)]‘{‘j{;ﬁVz(’?)} (37)
S3(n) = to+aBo[Us = V5(n)], (38)

where we have denoted o = axb ' cos 0,, f = A,/B, and

1Bg
cLa

1
{Vla VZ; V3aUlaU3}= {V1»ﬁ71V2, V39 Ul; US}) (39)

with a = (A1/A,+43).
Considering the boundary conditions in separation zones, eqn (10), we have

Vi(n) = _a_1(22170/140+/11ﬁ_1%/30)+a_1(/12—11[3_1)Sin’? (40)
U,—Vi(n) = a "(%iPpo/Ao— 2390/ Bo) —a~ ' (% + A, ) siny (41)
Us;—Vi(n) = —o '1/By. (42)

The gap can be calculated by
aAO — AO ] ) —1
g = — ik Vo(pdn = ik [(42po/ Ao+ 2418 "qo/Bo)n+ (A — 21~ 7) cosn— L], (43)
1 1

where L is a constant which can be determined by the fact that the gap vanishes at both ends of
the separation zone. If we denote the separation zone as (9,, d,), L is given by
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L= ()bzpo/Ao+/11ﬂ71‘I0/Bo)51 +(/ﬂbz—ilﬁil)cos 04
= (Aopo/ Ao+ 2B~ " qo/Bo)ds+ (Ay— 41~ ") cOs b, (44)

It is noted that the gap given by eqn (43) is independent of the induced anti-plane waves and is
exactly the same as that for 7, = 0 (see eqn (5.1) of Comninou and Dundurs, 1979). Furthermore,
one can verify that the interface normal traction N(y) in the present case is of the same form as
that of Comninou and Dundurs (1979) although the values of U, and V(i) in these two situations
are different. Therefore we believe that the separation zone (J,, J,) may be determined in the way
developed by Comninou and Dundurs (1977, 1979). Make A, positive by adjusting the sign of C,,.
Comninou and Dundurs found that, when

Aopol Ao+ 71~ q0/By > 0, (45)
the gap opens smoothly at the leading edge, d,, which is determined by

. Aapol Ao+ 1B qo/B n
sind, = - ;2-115—1 o= 0y >3 (46)

At the trailing edge, d,, the gap closes discontinuously. ¢, can be obtained from eqn (44). If eqn
(45) is violated, the behavior of the two edges interchange. In this case,

Japol Ao+ 21" g0/ By T

sino; = , 0 <—, 47
mo, PRSI 155 47)

and J, can be calculated from eqn (44).

We anticipate that the above results given by Comninou and Dundurs (1979) for t, = 0 are valid
in the presence of 7,. Of course, the real separation zones should be determined to ensure N(n) < 0
in slip and stick zones and ¢g() > 0 in separation zones. An example will be given afterwards to
demonstrate the procedure determining the separation of the interface.

Next we consider the solution in the slip zones. Substitution of eqns (36)—(38) into the boundary
conditions (12) and (13) yields

{q0/Bo+sinn+[U, = V,()]}* + {10/ By + [ U; — V5(n)]}*

o)
Z(Aﬁ)z{—po/AOJrsinnJrizﬁI[Ul—Vl(n)]} (48)

Vim/{qo/Bo+sinn+[U, =V ()]} = Vi(n)/{to/Bo+a[Us = V()] (49)
In the stick zones, we have
Vl(’?) = I73(’7) =0. (50)

Moreover eqn (32) yields

1 (= _
{Ul,U3}=27J Vi), V() dn. (51)
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The remaining task is to determine the slip zones. To this end, we follow the procedure described
in Part I (Wang et al., 1988). Suppose («;, ) is a slip zone. The two edges satisfy

(t0/By +°‘U3)2+(610/Bo+5in ﬁ/‘i‘ 01)2 = (f;ﬁ)2<_P0/Ao +sin ﬁj+ ?ﬂ101> (52)

(to/Bo+aU;)* +(qo/By+sinoy,+ U,)* = (fkﬁ)2<_Po/Ao+5in o+ ilﬁ'@) . (53)

The extent and location of the real slip zones should be determined by consideration of inequality
in eqn (14).

It should be noted that eqns (52) and (53) are coupled with eqns (41), (42) and (48)—(51). It is
almost impossible to obtain the analytic solution to the problem. Thus, to get numerical results,
the iterative method similar to that used in Part I will be used. Numerical computations for
identical materials will be performed in detail afterwards. Before further discussion of the problem,
it is worthwhile to examine some limiting situations.

(i) 40=0

In this limiting case, the incident wave does not generate normal traction at the welded interface.

Then eqn (36) reduces to

PR
N(n) = —po+ By Z[Ul = Vil (54)

Consequently, the interface does not separate. Only slip zones may take place, where the following
relations should be satisfied

{qo/Bo+sinn+[U,—V ()]} + {10/ Bo+o[Us — V3(n)]}*
A _ 2
=f§{—po/30+ /lz[Ul—Vl(’?)]} (55)

Vl(”l)/{‘]O/Bo+Sin’”l+[Ul — V()] = I73(7’1)/{1«'0/30‘*‘OC[U.% - I73(’7)]}‘ (56)

The above two equations are, respectively, similar to eqns (43) and (44) in Part I (Wang et al.,
1998) and may be solved analogously.
(i) B,=0

Introducing the nondimensionalized quantities

Y N o~ o~ uAdy!
{VlvVS;UlaUS}:ﬁ{VlaV.’nUlaUS}a (57)
L

and following the previous analysis, one obtains, in the separation zones,
Vo) = —a="(Aapo/ Ao+ 2A1qo/Ag)+a Ay sing (58)

U,—Vi(n) = a "(Aipo/Ao—23q0/Ag)—a ™' 2, sing (59)
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Us— I73(’”]) = —o '19/A4,. (60)

The separation zones and the gaps can be determined as before. In the slip zones, we have
~ ~ ~ ~ . )\, ~ ~ 2
{90/ A0 +TU =V i1} + {70/ Ao+ o[ Us — V3(]}? :fﬁ{—Po/Ao +smn+ Tl[Ul - Vl(ﬂ)]}
()

(61)
Vl(ﬂ)/{Q()/AU +[U,— I71(”])]} = I73(”/)/{'50/1‘10"‘Of[ljs - I73(”/)]} (62)
(iii) fr=/=0

The interface cannot undergo shearing traction in this case. Therefore we have to set ¢, = 7, = 0.
Then the present problem reduces to the problem of interaction between in-plane waves and a
smoothly contact interface (Comninou and Dundurs, 1977).

(iv) fx— ©

It is clear that the local slip cannot take place in this case. Thus when

[Fapo/ Aot 2B~ g0l Bol (63)
| =gt

the interface is perfectly in contact, otherwise the solids will separate locally and slide in a creeping
manner without local slip. The creeping velocities may be calculated from eqns (41), (42) and (51)
as

0 — a” (01— 05)(A1Bpo/ Ao — 23q0/ Bo) +a” ' (cos §; —c0s 3,) (23 + 21 f)
L 2n—(0,—0,)

(64)

- (0,—01)a "1/ By
T 2n—(6,—9))

(65)

4. Energy partition and dissipation

We examine the power averaged over a wave length or a period of the incident wave, which is
inputted to, extracted from and dissipated at a thin slice of material containing the interface.

The power input of the applied in-plane and anti-plane shearing traction is given by eqn (54) in
Part I (Wang et al., 1998), whereas the input of the incident wave is

1 e
P=— o J (o120 + o] (66)

For P-wave incidence,
Py = 5(A+21)Cikicy cos O, (67)

and for SV-wave incidence,
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P, = 1uCikicrcos 0. (68)

The power extracted from the slice by the induced reflected and refracted SH waves is

T o 1 T
=L J oA, P =~ j S0 di, (©9)

1 4
- J [09 + 613+ a0 + 63 + 0P + i +aP1dn - (70)
1 [ o
PPV = — — J [659+ 08+ 659+ 3N + ulP + il + a5 dny

1 (7 . .
o f [013 + 0\ + 6% + 630 + i + i + iV dn. (71)

The power dissipated by friction at the interface can be divided into two parts. One is due to
slip in the x,-direction caused by the interface shearing traction S,(#), another is due to slip in the
x;-direction caused by S;(1). They can be calculated by eqns (60) and (61) in Part I. The energy
conservation relation as eqn (62) in Part I still holds here.

5. Numerical example and discussion

As in Part I, we will carry out computations for identical materials to give explicit exploration
to the re-polarization of elastic waves. For simplicity, we neglect the in-plane shearing traction
and the kinematic locking, i.e. ¢y = 0 and f, = f, = f.

We first consider the solution in the separation zones. The interface normal traction and the gap
in this case may be written as

Nm)/Ay = —po/Ao+sinn— = Vz(’?) (72)

o =" g0 =" A+ cosn— I, (73)
where

L = py/Ayd,+cosd, = py/Ayd,+cosd,. (74)

It is seen that the normal traction N(#) in the slip and stick zones is identical to that for a welded
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Fig. 2. Sketch map of N()/A, and g(n).

interface. The sketch maps of N(n)/A4, and g(n) are depicted in Fig. 2 where (J,, 0,) represents a
separation zone. The leading edge ¢, is given by

0, = m—arcsin (py/A,), (75)

and the trailing edge 0, may be obtained from eqn (74). It can be easily verified that the conditions,
g(n) > 0 for ne(d,,d,) and N() < 0 for ¢ (0,, d,), are all satisfied. If we locate the leading edge to
the left of d,, say d% in Fig. 2, the normal traction N(x) > 0 in (J%, J,). On the other hand, if one
locates the leading edge to the right of §,, as indicated by 6% in Fig. 2, the gap g(1) < 0 in (0,, 6%).
That is to say, the interval (J,,0,) is the only one separation zone that really exists in one
representative period. It is noted that the separation zone, the gap and the interface normal traction
depend upon only one parameter, p,/A4,. When p,/4, > 1, the solids cannot separate. The above
result is identical to that for the case of 7, = 0 (the case of no re-polarization involved, see
Comninou and Dundurs, 1979), and also to that for a smoothly contact interface (Comninou and
Dundurs, 1977). The velocities V,(n) and V(i) in the separation zone are given by

Vi) = Uysing, Vi) = U3+°‘71T0/307 ne(dy,0,) (76)

where U, and U, are unknown and will be determined afterwards.
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Now we turn to the slip zones. The interface shearing traction may be written as
Si(m)/By = sinn+[U,— V()] (77)
S3(n)/By = to/By+a[Us — V(). (78)
From eqns (52) and (53), we have the following relations that the edges of the slip zone should
satisfy:
sin f; = sinw;
_ = U= B pol Ao £/ UBY (U1 +po/40)’ —[1 = (/B)1@Ts +70/Bo) 5
1—(fB)?

0 (79)

for fp # 1, and

l (po/Ao)2 - Ui — (to/Bo+ OC03)2
2 U, +po/A,

for ff = 1. To determine the number of the slip zones and the values of (o, f5)), it is necessary to
anticipate the possible arrangements of the separation, slip and stick zones. We first consider the
case without separation. One may note that the value of N(x) reaches the minimum at # = /2 and
the maximum at § = —n/2, while the interface shearing traction ./S7(17)+ S3(n) reaches the peak
values with different directions at # = + /2. Therefore, if the shearing traction is sufficiently
strong, local slip will take place near # = ©/2. Denote this slip zone as («, ), see Fig. 3a. If the
friction coefficient f'is small enough and the pressure is not too strong, a local slip may occur near
n = —m=/2. This slip zone is denoted by (o, #,) as shown in Fig. 3b. The slip zone (a,, ,) may grow

sin B, = sino; = £0 (80)

(a) n () n
- 0 « B ® - «a B 0 o B n
2 2 1 1 2 2
© @
- @ 0 n ﬂ2 e ﬁl a20 T pz
l(e) 1 ] ] (.f) — | .
- - ) 5
x 0 61 62 ,62 n V) 0 N T ﬂz
(2) | W l |
- 00:261 52 ﬁz A . e 0 61 82 LS BZ
@ @
} £ Y Il Y N cn— T )_+_.- ,..9_._‘ .............. > —¢ ..,. l' ¥
-n @ ﬂl 0 0261 82 Bz T e /31 @ 0 61 82 n Bz
(k) )
' Geeses) t —t e L e SR feg—
-n az1 /31 0 81 62 ﬁz n -n @ B1 61 0 52 n ﬁz

Fig. 3. Possible arrangement of the separation, slip and stick zones.
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beyond (0, ), as demonstrated in Fig. 3¢, d. Next we discuss the case in presence of separation. It
is seen from eqn (72) that N(d,) = 0, but that the shearing traction does not necessarily vanish at
n = 0,. Consequently, there must be a slip zone ahead of the separation zone as illustrated in Fig.
3e. This slip zone is denoted by (d,, f,) where J, < w and f§, may locate beyond = (see Fig. 3f).
However, there is not necessarily a slip zone connecting with the trailing edge of the separation
zone. If there is, we denote it by (o, 9,), as in Fig. 3g, h. As in the case without separation, another
slip zone (a4, f§;), may exist near n = —n/2, see Fig. 3i, j, k, . This slip zone will connect with the
separation zone if ¢, reaches f5,. If the separation zone is so big that the trailing edge exceeds o,
there is no slip zone behind the separation zone.
Based on the above analysis, eqn (79) yields

o, =t—pf, =arcsin®@", ff # 1 (81)
pi=—n—oy =arcsin® ,ff # 1 (82)

with restriction of 8, < a,. When ¢, < a,, the slip zone, («,, d;), behind the separation zone disap-
pears. When 6, < «,, both slip zones, («,, ,) and («,, d,), disappear. If ¢, falls between f, and «,,
(a1, 0,) is a slip zone. For ff = 1, eqn (80) gives

o, = n—f, = arcsin ©. (83)

That is, the slip zone (o, §;) does not exist in this situation. The above three equations cannot
yield proper real values in some cases. These special situations include:

(i) When ®* > 1 (or ® > 1), i.e. when

PolAy > THIBI7" /14 (o/Bo)* > 1, (84)

there is no slip zone and, of course, no separation zone. The interface is welded.

(i) When ®* < 1 (or O < 1), the stick zones disappear. Then the whole interface is in slipping
with possible separation zones.

(iii)) When ©®~ < —1, the slip zone, (v, ), disappears.

(iv) When the radicand in ®* is equal to zero, we have ® " = @, that is, o, = f3;.
This means that the two slip zones are just connected, and that there is no stick zone on the
interface. When the radicand is negative, eqns (81) and (82) cannot yield correct solutions any
more, and the whole interface is in slipping without separation.

After determining the slip zones, we calculate the velocities therein. Equation (49) gives

sinn+ U, +(o—1)V,(n)

Vi(n) = Vi), (85)

which when substituted into eqn (48) yields a quartic equation

Vi) +bVim+eViin +dV(n)+e = 0, (86)
with

b=2Q2—a)(sinn+U,)/(x—1)
[(2* — 60+ 6)(sinn+ U,)*

c
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—(fB)* (= 1)*(—po/Ao+sinn)® +(to/ Ay +aU;)*)/(x— 1)
d= 2(sinn+ U)[(e—2)(sinn+ U,)?
—(fB)*(e—1)(—po/ A +sinn)* —(to/By+aU3)’] /(2 — 1)
e = (sinn+U,)’[(sinn+U,)> —(fB)*(—po/Ao+sinn)’ +(1o/By+0U;)*][(a—1)*.

Equation (85) can be solved analytically by using Ferrari’s method (Kern and Kern, 1974). Its
four roots are exactly the same as those of the following two quadratic equations

Vi) +b6*V,(in)+¢* =0, (87)

where

s . By—a
bt =b+ /Sy +b—do). ot =yt——2

and y is any real one of the three roots of the cubic equation
8y* —4cy? +(2bd—8eé)y+e(dc—b*)—d* = 0, (88)

which can be solved analytically by using Cardano’s method (Kern and Kern, 1974). For the case
of & =1 eqn (85) reduces to a quadratic equation of which the two roots may be found easily.
Among the four or two roots of eqn (85) we should choose the real one which satisfies the condition
Vi(ey) = Vi(B) = 0.

Now we can carry out the computation based on the above equations by the iterative procedure
described in Part I (Wang et al., 1998). The convergence was examined in that paper. The
computation accuracy is kept at the level of 0.1%.

It can be seen that the solution of the problem depends on the four parameters: to/B,, po/ A4y, /P
and «, where o(>1) involves the effects of Poisson ratio v and the incident angle 0,; and f is a
parameter determining the difficulty of interface slip. In the following computation, the Poisson
ratio v is taken to be 0.25. There is no critical angle for P-wave incidence. The critical incident
angle for SV-wave incidence is 0., = sin™' (1/x) = 35.264°. In the present paper we only consider
P-wave incidence.

Figure 4 illustrates the curves determining the extent and location of slip and separation zones
for given py/A4, and some selected values of 7,/B, with f = 0.2 and 0, = 30°. The dotted line
determines the separation zone which is independent of ty/B,, ff and «. The dashed line gives the
slip zone for 7, = 0, the case considered by Comninou and Dundurs (1979). For a large value of
Do/ A, satisfying inequality (84), the interface is perfectly bonded. By decreasing p,/A, successively,
the slip zone (o,, f,) near n = n/2 first appears. Then the slip zone («,, ;) near y = —=/2 occurs
when the condition —1 < ®~ < 0 holds. With py/4, approaching (fB) 'to/B,, the stick zone
becomes smaller and smaller and disappears at last. The two slip zones (o, ;) and (o, f8»), then
connect with each other. What will happen once py/A4, drops to the level of ()~ 'to/B,? We will
answer this question afterwards.

An interesting phenomenon is observed for 7, = 0. When p,/4, is between 1.1 and 2.9, there is
a slip zone near n = —n/2. As py/A, drops to 1.1, this slip zone disappears until p,/4, = 0.2. After
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Fig. 4. Extent and location of slip zones for p,/4, and some selected values of t,/B, with ff = 0.2, 6, = 30°.

that it appears again with a very small area connecting with the trailing edge of the separation
zone. No slip zone is found behind the separation zone when 0.2 < p,/4, < 0.5.

Figure 5 shows the results for /f = 1, where there is no slip zone near y = —n/2. For smaller
values of t,/B,, no slip takes place behind the separation zone when p,/A4, is below a certain value.
Comparing Figs 4 and 5, one may find that bigger values of t,/B, and/or smaller values of f§ will
make the interface slip more easily. The influence of the parameter fJ§ on the local slip is shown in

p/A,
2_
1 s
a
0 ‘-""‘I 1 3 '
1 05 ¢ 05 055 18 15

Fig. 5. Extent and location of slip zones for p,/4, and some selected values of t,/B, with f = 1, 6, = 30°.
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Fig. 6. Extent and location of slip zones for p,/4, and some selected values of /8 with 7,/B, = 0.2, 0, = 30°.

Fig. 6 in detail for 7y/f, = 0.2 and 0, = 30°. There is a slip zone near = — /2 for smaller values
of /B. With ff decreasing, the local slip zones become smaller and smaller until all slip zones behind
the separation zone disappear.

Figure 7 demonstrates the effects of the parameter o on the local slip of the interface for
7o/By = 0.4 and ff = 0.2. The solid, dotted and dashed lines are, respectively, for o = 1.5, 2.31845

p /A

n/x

2 ] [l 1 [] |
-1 -0.5 0 0.5 1 15

Fig. 7. Effect of parameter o on the extent and location slip zones, 1,/B, = 0.4, /§ = 0.2.
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and 1.07336 (or equivalently for 6, = 60, 75 and 30° when the Poisson ratio v = 0.25). Only slight
differences between lines are observed.

The normalized global sliding velocities, U, and Us, are plotted against p,/4, in Fig. 8 for
different values of 7,/B, with f = 0.2 and 6, = 30°. The dashed line gives the results for 7, = 0.
The effects of the parameter ff§ are shown in Fig. 9 for 7,/B, = 0.4 and 6, = 30°. The dashed lines
correspond to ff§ — oo. In this case the local slip cannot take place, and the solids move just like a
worm creeps. It is shown in Figs 8 and 9 that U; increases rapidly to infinity, while U, to a finite
value as py/A, approaches (fB) 'to/B,. Indeed, one may find the solution in this limiting
situation. The relative slip velocities in the separation zones are given by eqn (76). Equation (48)
yields

Vi) = Uy+o 'fBsiny, V, = U, +siny (89)

in the slip zones. Considering eqn (74), one can verify that the velocities given by eqns (83) and
(96) satisfy eqn (51). Equation (49) requires

- I (™ _
U3=2J 7y dy = o, 90)
n —T

that is, the collapse slipping happens in this case. Unlike in Part I, V5(y) in the present case, though
infinitely large, is not a constant due to the nonhomogenous distribution of normal traction along
the interface. The global sliding velocity in the x,-direction, U,, cannot be calculated directly. It
should be derived by a limiting procedure. The interface can not transfer in-plane shear motion
any more in this limiting case because the in-plane shearing traction on the interface vanishes.
However, the normal motion can be transmitted across the interface.

Figure 10 illustrates the distribution of the interface traction, gaps, relative slip velocities in one
representative period (—mx, ) for 7o/B, = 0.1, ff = 0.2, 6, = 30°. The dotted, solid, dashed and
dot—dashed lines are, respectively, for p,/4, = 0.6, 0.9, 2.0 and 3.5. Discontinuities in the interface
traction and the relative slip velocities are observed at the trailing edge of the separation zone. The
curves are continuous but not smooth at the leading edge. For smaller values of p,/4,, a slip zone
appears near 7 = — /2. This slip zone is relatively small and the slip velocities therein in the x,-
direction are negative (see the dotted, solid and dashed lines). With p,/4, decreasing, the slip and
separation zones becomes larger until the two slip zones connect with each other so that there is
no stick zone at the interface (see the dotted lines). All quantities except S,(#) increase with p,/A4,
decreasing. As py/A, approaches (fB) 't/ By, S:(17) becomes smaller and smaller and finally vanishes
as we have indicated before. Itis noted that solid, dashed, dot—dashed lines correspond, respectively,
to the cases (j), (b) and (a) shown in Fig. 3.

We next discuss the energy dissipation and partition at the interface. For the particular example
considered in this section, a straightforward calculation yields

PPV — 4nfL/12U Vi) dn— J (U, — Vi1V (n) dn}, o1

—T —T
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Fig. 9. Dependence of the global sliding (creep) velocities on py/A, for some selected values of f with t,/B, = 0.4,
0, = 30°.
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cosf, (™
P = pg = B J [Us = V3e)IVGr) dn. ©4)
T Jon
1 (" ucos b,
P =5 | Jrot " U= ViG] pVsn) dn. 99)
— T

It can be verified that

P. =P+ PSH+ Py, (96)
Consequently, we have

Py = PPV PV 4 Py, ©7)

That is to say, part of the energy supplied by 7, is partitioned equally over the induced reflected
and refracted anti-plane waves, the rest is dissipated due to the frictional slip in the x;-direction.
The energy input of the incident wave is partially extracted by the reflected and refracted in-plane
waves, and partially absorbed by friction due to the slip in the x,-direction.

The power ratios {(PY*Y+ P5Y)/ Py, P4/ Py, P./Py, (PY'+ P3")/ Py, Pys/P,} are plotted vs py/4, in
Fig. 11 for 7,/B, = 0.2 and in Fig. 12 for 7,/B, = 0.1 with other parameters being ff = 0.2 and
0, = 30°. The results for reflected (P}®V/P,) and the refracted (P5*Y/P,) in-plane waves are also
shown by dashed lines. The power extracted by the induced waves is very small. Most of the power
supplied by 1, is absorbed by friction. As p,/4, — (fB) " 't,, both P, and P,; become infinitely large,
and the power carried by the induced waves (P{"+ P3") reaches a peak value. Therefore the
induced waves are the strongest when catastrophic slip takes place. Also in this limiting situation,
most of the power input of the incident wave is extracted by the reflected and refracted in-plane
waves. The dissipated power Py, is very small but not zero. All these facts are quite different from
those for SH-wave incidence (Wang et al., 1998). It is worth noticing that, when the interface
begins to separate, the power extracted by the reflected in-plane waves increases rapidly and that
extracted by the refracted waves decreases rapidly (see Fig. 12a). This is understood by considering
that the newly-generated free surface reflects the waves totally. For the case of no separation most
power input is transmitted across the interface. Turns on the curves are observed at the points
indicated by triangles in the figures. These points correspond to the moment when the stick zones
disappear.

6. Concluding remarks

In this two-part paper, we examine the re-polarization of elastic waves at a frictional contact
interface between two elastic solids loaded by both in-plane and anti-plane shearing traction. For
the case of SH wave incidence which involves no separation, the in-plane waves are induced due
to the local slip of the interface. For P or SV wave incidence, the anti-plane waves are induced by
the local slip with possible separation which is uncoupled with anti-plane motion. The problem is
formulated in a general sense. A method to obtain final results is suggested. Special examples for
identical material are computed and discussed in detail. The results show that the induced waves
have significant effects on the local slip although they only carry a small part of the energy input.
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Fig. 11. Energy partition and dissipation for to/B, = 0.2, ff = 0.2, 0, = 30°.
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Fig. 12. Energy partition and dissipation for 7,/B, = 0.1, f = 0.2, 6, = 30°.
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The Coulomb friction model is adopted in this series paper. However, the method can be applied
in situations involving other nonlinear friction models such as Loeb friction (Loeb, 1961), Fortsch
friction (Fortsch, 1956), etc. The paper does not consider the case of super-critical angle incidence.
In this situation, one may find that the problem can be cast to a set of nonlinear integral equations
which are quite difficult to solve (cf Comninou and Dundurs, 1978 and Comninou et al., 1979 for
the cases without re-polarization).

We argue that the re-polarization is a common phenomenon in interaction between elastic waves
and a frictional contact interface. As we have known, a wave propagating in a linear homogenous
isotropic medium can be generally represented as superposition of P, SV and SH waves. When the
boundary conditions are linear, these three types of waves can be treated separately. But for the
frictional interface considered here, the three waves are coupled with each other. They are all re-
polarized at the interface when local slip takes place. Because the ‘apparent velocities’ associated
with the three waves are different, we cannot solve the problem in the moving coordinate system
as we have done in the present paper. The problem is still open and needs to be explored.
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